Supersymmetric compactifications of heterotic strings with fluxes and
  condensates by Manousselis, Pantelis et al.
ar
X
iv
:h
ep
-th
/0
51
11
22
v3
  1
9 
Ja
n 
20
06
hep-th/0511122
Supersymmetric compactifications of heterotic strings
with fluxes and condensates
Pantelis Manousselis1, Nikolaos Prezas2 and George Zoupanos3
1Department of Engineering Sciences, University of Patras,
GR-26110 Patras, Greece
pantelis@upatras.gr
2Institut de Physique, Universite´ de Neuchaˆtel,
CH–2000 Neuchaˆtel, Switzerland
nikolaos.prezas@unine.ch
3Physics Department, National Technical University of Athens,
GR-15780 University Campus, Athens, Greece
zoupanos@mail.cern.ch
ABSTRACT
We discuss supersymmetric compactifications of heterotic strings in the presence of H-
flux and general condensates using the formalism of G-structures and intrinsic torsion. We
revisit the examples based on nearly-Ka¨hler coset spaces and show that supersymmetric
solutions, where the Bianchi identity is satisfied, can be obtained when both gaugino and
dilatino condensates are present.
1 Introduction
In string theory compactifications on Calabi-Yau (CY) manifolds and the corresponding di-
mensional reductions [1], the resulting low-energy field theory in four dimensions typically
contains a number of massless chiral fields, characteristic of the internal geometry, known as
moduli. These fields, arising in four dimensions as massless modes of the higher-dimensional
matter fields and from the gauge-independent variations of the metric of the compact space,
correspond generically to flat directions of the four-dimensional effective potential. There-
fore, the values taken by the moduli in the vacuum, which in turn specify the masses and
couplings of the four-dimensional theory, are left undetermined. Hence, the theory is without
predictive power.
Fortunately, the moduli problem in the form described above appears only in the simplest
choice of string backgrounds, where out of the plethora of closed-string fields only the metric
is assumed to be non-trivial. By considering more general backgrounds involving “fluxes” [2,
3] as well as non-perturbative effects [4, 5], the four-dimensional theory can be provided with
potentials for some or all moduli. The terminology “fluxes” refers to the inclusion of non-
vanishing field strengths for the ten-dimensional antisymmetric tensor fields with directions
purely inside the internal manifold. Therefore, the present day problem is the choice of the
appropriate background which could lead to realistic and testable four-dimensional theories.
The presence of fluxes has a dramatic impact on the geometry of the compactification
space. Specifically, the energy carried by the fluxes back-reacts on the geometry of the
internal space and the latter is deformed away from Ricci-flatness. Then, the CY manifolds
used so often in string theory compactifications cease to be true solutions of the theory. For
example, the requirement that some supersymmetry is preserved implies that the internal
manifold is a non-Ka¨hler space for heterotic strings with NS-NS fluxes [6, 7, 8, 9], while it can
be a non-complex manifold for type IIA strings [10, 11, 12]. For type IIB strings, instead,
the deviation is mild since the overall effect due to the fluxes is a conformal rescaling of
the original CY solution [13, 14]. We should mention at this point that in principle we can
consider compactifications on CY manifolds with fluxes too, but these are reliable only in
the large-volume limit where the flux back-reaction can be consistently ignored.
A considerable amount of literature has been devoted to the problem of including appro-
priately the back-reaction of the fluxes on the internal manifold and constructing examples
of manifolds which are true solutions of the theory. In general, these manifolds have non-
vanishing torsion. Consequently, demanding that the low-energy theory is supersymmetric
implies that the internal manifold admits a G-structure [15]. The existence of a G-structure is
a generalization of the condition of special holonomy. Subsequently, the allowed G-structures
can be classified in terms of their intrinsic torsion classes [16].
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For heterotic strings, requiring that supersymmetry is preserved in the presence of non-
perturbative effects such as gaugino condensation [17], leads to AdS4 spacetimes with non-
complex internal manifolds as potential solutions [18] 1. The non-complex manifolds that
we will consider here are simple homogeneous nearly-Ka¨hler coset spaces. They were iden-
tified as interesting possible solutions of heterotic string theory in refs. [19, 20], whereas
supersymmetric solutions of the form AdS4 × G/H were first obtained in refs. [21, 22]. In
order to obtain such solutions the authors in refs. [21, 22] assumed the presence of a gaugino
condensate and performed a case by case analysis. More recently, the 10-dimensional super-
symmetry conditions in the presence of a non-vanishing gaugino condensate were examined
in the language of G-structures in ref. [18].
Here, we generalize the setup of ref. [18] by considering more exotic condensates. The
consideration of other condensates besides that due to the gaugino is imposed upon us for
both technical and aesthetical reasons. At a technical level, the source-free Bianchi identity
cannot be solved in a supersymmetry-preserving manner if only the gaugino condensate is
present. One of the objectives of the present work is to show that supersymmetric solutions
of the Bianchi identity can be obtained if, in addition to the gaugino condensate, a dilatino
condensate acquires a non-vanishing vacuum expectation value (vev). On aesthetic grounds
and although there is no known mechanism leading to condensation of the dilatino 2, we
adopt here a more broad point of view which considers the condensates on equal footing
with the fluxes. Following this approach, we first formulate the supersymmetry conditions
in the formalism of G-structures and then we revisit the solutions of refs. [21, 22], while
completing also their list by one more example.
We should mention that, as in most works that study the supersymmetry constraints on
the geometry, we do not check explicitly the equations of motion. In our case this would
be a non-trivial task because the presence of the condensates renders the derivation of the
equations of motion subtle [18]. Instead, we rely on the fact that backgrounds that preserve
some supersymmetry and where the Bianchi equations and the equations of motion for the
matter fields are satisfied, are automatically solutions of the Einstein equations [12, 27]. It
is straightforward to show that this is indeed true for hererotic strings by specializing the
results of [27] to hererotic M-theory.
A key feature of the solutions we consider is that since they are not Ricci-flat, the four-
dimensional spacetime will not be Minkowski but AdS (at least in the case where some
1Originally, gaugino condensation had been suggested as a supersymmetry breaking mechanism in a
Calabi-Yau compactification [4, 5]. Here, instead, we consider supersymmetric solutions on manifolds that
are not Calabi-Yau.
2See however refs. [23, 24] where condensation of fermions in the gravity sector is considered in a different
context and ref. [25] which discusses a similar effect in a 5-brane background. Moreover, ref. [26] considered
Minkowski vacua in 11-dimensional supergravity with gravitino condensates.
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supersymmetry is preserved). For this reason, the Ricci-flat CY manifolds were originally
more attractive candidates. Recently, however, this has become less relevant since whenever
the inclusion of fluxes produces a stable vacuum without moduli, this vacuum turns out to
be anti-de Sitter. Therefore, it is not a serious drawback to start from an anti-de-Sitter
solution in the first place and hope that eventually non-perturbative effects will lift this to a
Minkowski or de Sitter vacuum according, for example, to the scenario proposed in [28] (see
also [29] for an explicit construction of this type in heterotic M-theory). This process may
result in interesting GUTs in four-dimensions [30, 31, 32, 33, 34, 35].
The layout of this paper is as follows. In section 2 we establish our notation and we
present the supersymmetry transformations of the fermionic fields of heterotic supergravity
when various condensates are non-vanishing. In section 3 we examine the conditions imposed
on the external and internal geometries under the requirement of preserving N = 1 super-
symmetry in the external space. The conditions on the internal geometry are formulated
in terms of the intrinsic torsion classes of the SU(3)-structure. In section 4 we study some
specific solutions based on nearly-Ka¨hler coset spaces. We show that the Bianchi identity
can be satisfied if and only if both gaugino and dilatino condensates are present. Finally,
in section 5 we present a few concluding remarks. Also, in two appendices we provide our
Gamma matrix conventions and some details on the SU(3)-structure of the cosets under
consideration.
2 Heterotic strings with condensates
The fields of heterotic supergravity, which is the low-energy limit of heterotic superstring
theory, consists of the N = 1, D = 10 supergravity multiplet which contains the fields
eNM , ψM , BMN , λ, ϕ, (i.e. namely the metric, the gravitino which is a Rarita-Schwinger field,
the two-form potential, the dilatino which is a Majorana-Weyl spinor, and the dilaton which
is a scalar), coupled to a N = 1, D = 10 vector supermultiplet which contains the gauge
field AM and the corresponding gaugino χ. The gauge field and the gaugino transform in
the adjoint of E8×E8. The Lagrangian and the full supersymmetry variations can be found
in refs. [36, 37, 38].
The supersymmetry variations of the fermionic fields, including the relevant for our dis-
cussion fermion bilinears, are [37]3
δψM = ∇Mǫ+
√
2
32
ϕ−3/4
(
ΓMΓ
NPQ − 12δNMΓPQ
)
HˆNPQǫ
− 1
256
(
ΓMΓ
NPQ − 8δNMΓPQ
) (
Tr(χ¯ΓNPQχ) +
1
2
(λ¯ΓNPQλ)
)
ǫ+
√
2
96
(ψ¯MΓKLλ)Γ
KLǫ,
3Note that the coefficient of the last term in δλ was corrected in ref. [4].
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δχ = −1
4
ϕ−3/8ΓMN FˆMNǫ+
√
2
64
(
3(λ¯χ)− 3
2
(λ¯ΓMNχ)Γ
MN − 1
24
(λ¯ΓMNKLχ)Γ
MNKL
)
ǫ,
δλ = −3
√
2
8
ϕ−1ΓM∂Mϕǫ+
1
8
ϕ−3/4ΓMNP HˆMNP ǫ+
√
2
384
Tr(χ¯ΓMNPχ)Γ
MNP ǫ. (2.1)
We have set the gravitational and Yang-Mills coupling constants equal to 1. This in turn
implies that we work with units where α′ = 4. The supersymmetry parameter ǫ is a 10-
dimensional Majorana-Weyl spinor with 16 real components. The hats denote the superco-
variant generalization of the corresponding fields,
FˆMN = FMN − ϕ3/8(ψ¯[MΓN ]χ), (2.2)
HˆMNK = HMNK − 1
4
ϕ3/4
(√
2(ψ¯[MΓNψK])− (ψ¯[MΓNK]λ)
)
. (2.3)
It is well-known that at the supergravity level the gauge-invariant 3-form field strength
is HMNP = 3∂[MBNP ] − 1√2A[MFNP ]. The corresponding Bianchi identity reads as
dH = −
√
2
6
tr(F ∧ F ). (2.4)
The full Bianchi identity includes one more term that is a string-theoretic correction and
will be added later.
In the above supersymmetry transformations we have assumed that some of the possi-
ble condensates between the fermionic fields of heterotic string theory have non-vanishing
vacuum expectation values. Our motivation for keeping only those appearing above is that,
as we will see later, they permit supersymmetric solutions without rendering the analy-
sis computationally challenging. We will also assume that the condensates (ψ¯[MΓN ]χ) and
(ψ¯[MΓNψK]), which appear in the supercovariant field strengths, are vanishing. We postpone
the presentation of a more complete analysis incorporating all possible condensates for future
work [39].
An issue that should be addressed at this point concerns the supersymmetry variations
of the bosonic fields in the presence of fermion condensates. These read [37]
δeLM =
1
2
ǫ¯ΓLψM , δϕ = −1
3
√
2ǫλϕ, δAM =
1
2
ϕ3/8ǫ¯ΓMχ,
δBMN =
1
4
√
2ϕ3/4(ǫ¯ΓMψN − ǫ¯ΓNψM − 1
2
√
2ǫΓMNλ) +
1
2
√
2ϕ3/8ǫΓ[MTr(χAN ]) (2.5)
and it is obvious that had the fermions acquired non-zero vevs, these variations would not
vanish in general. In such a case, of course, checking the supersymmetry variations would be
redundant since the non-vanishing vevs for the fermions would imply anyway broken space-
time (e.g. Lorentz) symmetry. The crucial point here is that in quantum field theory the
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fermion condensates can be non-zero while maintaining a vanishing fermion vev. Therefore,
although the fermion condensates are assumed to be non-vanishing, the vevs of the corre-
sponding fermions are taken to be zero, as is necessary for preserving maximal symmetry
in spacetime. It should be emphasized that this effect has been explicitly demonstrated
in N = 1 Super-Yang-Mills theory where gaugino condensation indeed takes place non-
perturbatively without leading to non-zero vevs for the gauginos [40, 41]. Here, we assume
that this is precisely what happens in the strongly-coupled microscopic theory that underlies
our effective supergravity description. This is in line with the original treatment of gaugino
condensation in hererotic supergravity where the fermion vevs are zero while a non-trivial
condensate is generated [4, 5]. The punchline is that the supersymmetry variations of the
bosons are trivially vanishing since the fermion vevs are consistently zero.
In our setup, the only extra assumption is that some unknown quantum effects can lead
to non-trivial condensates for the gravitinos. Actually, such a point of view was already
taken in [26] while [25] provided some evidence that this effect indeed takes place in NS5-
brane backgrounds. Furthermore, we should stress that here we simply work in an effective
approach where we ask what would happen if such condensates were generated. Hence, our
treatment is entirely analogous to the usual chiral Lagrangian approach to hadron physics. In
this approach, one simply assumes that in the IR a non-vanishing quark condensate breaking
chiral symmetry is formed, although the miscoscopic theory (i.e. QCD) governing this effect
is out of reach in this regime. Moreover, in order to maintain Lorentz invariance the quark
vevs are assumed to be zero despite the presence of the non-perturbative quark condensate.
We now make the following field redefinitions:
ϕ = e−8/3φ, gMN = e
−2φg(0)MN ,
λ =
1√
2
eφ/2λ(0), ψM = e
−φ/2(ψ(0)M −
√
2
4
Γ
(0)
M λ
(0)),
ǫ = e−φ/2ǫ(0), HMNP =
3√
2
H
(0)
MNP ,
χ = eφ/2χ(0), FMN = F
(0)
MN ,
ΓM = e
−φΓ(0)M , (2.6)
with the quantities bearing the superscript (0) referring to those in (2.1). The supersymmetry
variations (2.1) become
δψM = ∇Mǫ− 1
4
(
HˆM − 2ΣM − 4
3
∆M
)
ǫ− 1
4
ΓM
(1
3
Σ +
1
4
∆
)
ǫ, (2.7)
δχ = −1
4
ΓMN FˆMNǫ+
1
32
(
3Φ− 3
2
ΦMNΓ
MN − 1
24
ΦMNKLΓ
MNKL
)
ǫ, (2.8)
δλ = ∇/φǫ+ 1
24
(
Hˆ + Σ
)
ǫ, (2.9)
5
where Φ[...] = (λ¯Γ[...]χ). Notice that since these condensates are not singlets of the E8 × E8
gauge group, turning on vevs for them can break part of the original gauge symmetry. Of
course, this is similar to the (partial) breaking of the original gauge symmetry due to a
non-vanishing background gauge field strength.
In the field-redefinitions above we set (λ¯ΓMΓKLλ) = (λ¯ΓMKLλ) because the difference
involves terms of the form (λ¯ΓMλ) which are zero due to the assumption of maximal sym-
metry in the external space and due to the absence of globally-defined vector fields on
six-dimensional manifolds with SU(3)-structure. In the new variables the Bianchi identity
(2.4) reads as
dH = −1
2
tr(F ∧ F ), (2.10)
with the supercovariant field strengths (2.3) being
FˆMN = FMN , (2.11)
HˆMNK = HMNK − 6∆MNP , (2.12)
since after the field redefinitions we set (ψ¯[MΓNK]λ) = 0. We use the standard shorthand
notation HM = HMNPΓ
NP , H = HMNPΓ
MNP , ΣM = ΣMNPΓ
NP , Σ = ΣMNPΓ
MNP with
ΣMNP =
1
16
tr(χ¯ΓMNPχ) and ∆MNP =
1
16
(λ¯ΓMNPλ).
We emphasize that the metric in the above equations is the sigma-model metric and
is related to the Einstein metric g0MN as gMN = e
−2φg0MN . We have also used the fact
that the covariant derivatives of a spinor with respect to these two metrics are related as
∇Mǫ = ∇(0)M ǫ− 12Γ NM ∂Nφǫ.
3 Conditions for 4-dimensional N = 1 vacua
3.1 Metric ansatz and SU(3)-structure
We assume that g0MN describes the warped productM1,3×wK6 of a 4-dimensional maximally
symmetric spacetime M1,3 with a compact 6-dimensional internal space K6. Explicitly
ds2 = g0MN(x, y)dx
MdxN = e2D(y)
(
gˆµν(x)dx
µdxν + gˆmn(y)dy
mdyn
)
. (3.1)
Since we are interested in 4-dimensional vacua with N = 1 supersymmetry, we demand
that on K6 there exists a globally-defined complex spinor η+ (and its conjugate η− with
opposite chirality). In other words K6 should be equipped with an SU(3)-structure. Our
ansatz for the 10-dimensional Majorana-Weyl spinor ǫ is
ǫ(x, y) = f(y)θ+(x)⊗ η+(y)− f ∗(y)θ−(x)⊗ η−(y), (3.2)
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where f(y) is an arbitrary complex function. This ansatz yields N = 1 supersymmetry in
M1,3 expressed in terms of the Weyl spinors θ±. The 6-dimensional spinors are normalized4
as η†+η+ = η
†
−η− = 1. As usual the four-dimensional spinors are taken to be Grassmann
while the six-dimensional ones are commuting.
The SU(3)-structure is characterized by an almost complex structure and5 the associated
2-form Jmn, and by a (3,0)-form Ωmnp. These forms are globally-defined and non-vanishing
and they are subject to the following compatibility conditions:
J ∧ Ω = 0, Ω ∧ Ω∗ = 4i
3
J ∧ J ∧ J. (3.3)
Furthermore, the spinors η± determine (up to a phase which we fix to a convenient value)
the SU(3)-structure forms as
Jmn = −iη†+γmnη+ = iη†−γmnη−, (3.4)
Ωmnp = η
†
−γmnpη+, (3.5)
Ω∗mnp = −η†+γmnpη−. (3.6)
Using Fierz identities one can show that indeed J nm is an almost complex structure, i.e. it
satisfies J nm J
p
n = −δpm. Then, the projectors (Π±) nm = 12(δ nm ∓iJ nm ) can be used to separate
the holomorphic and antiholomorphic parts of a generic form.
Now we can decompose the condensates in 4- and 6-dimensional pieces. First, notice the
gaugino field χ is Majorana and of the same chirality as the supersymmetry parameter ǫ.
Hence, it admits a decomposition χ = ψ+⊗η+−ψ−⊗η− with ψ± the 4-dimensional gaugino
fields. Notice that this is not a zero-mode decomposition but the usual decomposition in
terms of SU(3) singlets. Then we obtain
Σmnp =
1
16
Tr(χ¯Γmnpχ) = −
(
ψ†−ψ+Ωmnp + ψ
†
+ψ−Ω
∗
mnp
)
= −(Λ3Ωmnp + c.c.), (3.7)
where Λ3 = 1
2
Tr(ψ¯(1 + γ(5))ψ) = ψ
†
−ψ+ the 4-dimensional condensate. We see that the
condensate consists only of (3, 0) and (0, 3) pieces. This expansion is valid for ∆mnp as well.
By denoting δ3 = 1
2
Tr(λ¯(1+γ(5))λ the vev of the 4-dimensional dilatino condensate, we have
∆mnp = −δ3Ωmnp + c.c.
In order to expand correctly the dilatino-gaugino condensates Φ[···] we have to take into
account that χ and λ have opposite chiralities. Hence, λ is expanded as λ = λ+⊗η−−λ−⊗η+
with λ± the 4-dimensional dilatinos. Then we find that Φ is a real scalar Φ = −(λ†+χ− +
4Our spinor conventions and some useful formulae can be found in Appendix A.
5As is common, we will use the same symbol for both the almost complex structure tensor and the
associated 2-form.
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λ†−χ+), Φmn is a real 2-form Φmn = i(λ
†
+χ−−λ†−χ+)Jmn ≡ Φ0Jmn, and Φmnkl is a real 4-form
Φmnkl = −3ΦJ[mnJkl]. Also, all of them have an adjoint E8 ×E8 index that we suppress.
The supercovariant H-flux (2.3) can be expanded in terms of the SU(3)-invariant forms
as
Hˆmnp =
1
48
ΩmnpHˆ
(3,0) +
(
Hˆo(2,1)mnp +
3
4
Hˆ
(1,0)
[m Jnp]
)
+ c.c., (3.8)
where Hˆ(3,0) = Ω∗mnpHˆmnp, Hˆ
(1,0)
m = (Π+) sm HˆsnpJ
np and Hˆo(2,1) the primitive (2, 1) piece
of Hˆmnp which satisfies Hˆ
o(2,1) ∧ J = 0. Notice that due to (2.12) and the fact that ∆mnp
consists of only (3, 0) and (0, 3) pieces, we have Hˆ
(2,1)
mnp = H
(2,1)
mnp .
Now, we are ready to proceed to the analysis of the supersymmetry variations (2.7), (2.8)
and (2.9) for the setup under consideration.
3.2 Conditions on the external geometry
The 4-dimensional part of the gravitino variation reads as
δψµ = ∇µǫ− 1
12
Σ˜mnpΓµΓ
mnpǫ = 0, (3.9)
where we have introduced the combination Σ˜mnp = Σmnp+
3
4
∆mnp = −(Λ˜3Ωmnp+c.c.). Since
gMN = e
2(D−φ)gˆMN and ΓM = e(D−φ)ΓˆM we can rewrite eq. (3.9) as
δψµ = ∇ˆµǫ+ 1
2
Γˆ nµ ∇ˆn(D − φ)ǫ−
1
12
e(D−φ)ΓˆµΣ˜ǫ, (3.10)
and its integrability condition gives Γˆµν∇ˆνδψµ = 0 [2].
By assumption the 4-dimensional metric gˆµν(x) is maximally symmetric. Hence, the
corresponding Riemann curvature tensor is of the form
Rˆνµκλ =
Rˆ
12
(gˆνκgˆµλ − gˆνλgˆµκ)
with Rˆ the constant scalar curvature. For this metric we can show easily that Γˆµν∇ˆν∇ˆµǫ =
Rˆ
4
ǫ. Then the integrability condition yields
Rˆ
4
− 3∇ˆn(D − φ)∇ˆn(D − φ) + 3Σ˜m∇ˆme(D−φ) − 1
12
e2(D−φ)Σ˜2 = 0. (3.11)
For vanishing condensates eq. (3.11) reduces to eq. (2.8) of [2]. In this case one finds that
Rˆ = 0 since the only possible constant value for ∇ˆn(D−φ)∇ˆn(D−φ) on a compact manifold
is zero. Hence M1,3 is Minkowski and the warp factor satisfies D(y) = φ(y) up to an additive
constant.
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At first sight a non-zero condensate Σ˜mnp seems to open up a much wider range of
possibilities. However, we will see in a moment that the supersymmetry conditions imply
the constancy of D − φ. Then M1,3 is AdS4 with constant negative curvature given by
Rˆ =
1
3
e2(D−φ)Σ˜2. (3.12)
Notice that Σ˜2 is negative because Σ˜ is antihermitian.
Another way of computing the dependance of Rˆ on the vev of the condensate Λ˜ is the
following. The 4-dimensional spinors in a maximally symmetric spacetime satisfy ∇ˆµθ+ =
Wγˆµθ− and ∇ˆµθ− =W ∗γˆµθ+. The curvature is then Rˆ = −48|W |2. Using the fact that
∇µθ+ = ∇ˆµθ+ + 1
2
ΓµΓ
m∂m(D − φ)θ+ =We−(D−φ)γµθ− + 1
2
γµγ
(5)θ+γ
m∂m(D − φ)
and inserting the latter expression in (3.9) we obtain
fWe−(D−φ)η+ +
f ∗
2
∂m(D − φ)γmη− − f
∗
12
Σ˜mnpγ
mnpη− = 0. (3.13)
Multiplying now eq. (3.13) with η†+ from the left we obtain
fWe−(D−φ) − f
∗
12
Σ˜mnp(η
†
+γ
mnpη−) = 0 =⇒ fWe−(D−φ) − f
∗
12
(Λ˜∗)3‖Ω∗‖2 = 0, (3.14)
where ‖Ω‖ =
(
Ω∗mnpΩ
mnp
)1/2
. Using Fierz identities one can find that ‖Ω‖2 = 48. For
vanishing total condensate Λ˜3 = 0, we obtain W = 0 and hence M1,3 is flat. However in
general it holds that
Rˆ ∼ e2(D−φ)|Λ˜|6. (3.15)
Now we can prove the constancy of D−φ. By multiplying eq. (3.13) with η†−γn from the
left and using the equality η†−γ
mnpqη− = −3J [mnJpq] we obtain
f ∗∂n(D − φ)− i
2
f ∗∂m(D − φ)J mn −
3
256
f ∗Σ˜mpqJ [mnJpq] +
3i
256
f ∗Σ˜nmpJ
mp = 0. (3.16)
Since Σ˜ is a (3, 0) + (0, 3) form, we have Σ˜nmpJ
mp = 0 and Σ˜mpqJ
[nmJpq] = 0. This immedi-
ately shows that
∂n(D − φ) = 0, (3.17)
and demonstrates that the constancy of D− φ is actually imposed upon us from the super-
symmetry conditions.
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3.3 Conditions on the internal geometry and intrinsic torsion classes
3.3.1 Gravitino variation
Next we do the analysis of the 6-dimensional part of the gravitino variation. This reads as
δψm = ∇mǫ− 1
4
(
Hˆmpq − 2Σ˜mpq + 1
6
∆mpq
)
Γpqǫ− 1
12
Σ˜npqΓmΓ
npqǫ = 0. (3.18)
Inserting the spinor ansatz (3.2) in eq. (3.18) we obtain
∇mη+ = −∂m log fη+ + 1
4
(
Hˆmpq − 2Σ˜mpq + 1
6
∆mpq
)
γpqη+ +
1
12
Σ˜npqγmγ
npqη+. (3.19)
Using the identity
γmγnpq = γmnpq + δmqγnp + δmpγqn + δmnγpq
we can rewrite eq. (3.19) as
∇mη+ = −∂m log fη+ + 1
4
(
Hˆmpq − Σ˜mpq + 1
6
∆mpq
)
γpqη+ +
1
12
Σ˜npqγ
npq
m η+. (3.20)
Expressing γ npqm as γ
npq
m = − i2ǫ npqrsm γrsγ7 we then obtain
∇mη+ = −∂m log fη+ + 1
4
(
Hˆmpq − Σ˜mpq + 1
6
∆mpq + i ∗Σ˜mpq
)
γpqη+, (3.21)
where ∗Σ˜mpq = 13!Σ˜klrǫklrmpq.
However, the total contribution of Σ˜mnp in the above equations drops out. Indeed, due
to the imaginary (anti)-self-duality of Ωmnp (Ω
∗
mnp) we have ∗Σ˜mpq = −iΛ˜3Ωmpq+ c.c.. Using
also the fact that Ωmpqγ
pqη+ = 0, we finally obtain
∇mη+ = −∂m log fη+ + 1
4
Ĥmpqγ
pqη+, (3.22)
where we have defined Ĥmnp = Hˆmnp+
1
6
∆mnp. Consequently, the spinor η
+ is parallel under
the connection with torsion∇(−) = ∇− 1
4
Ĥ . Defining the curvature through [∇(−)m ,∇(−)n ]η+ =
1
4
R
(−)
mnpqγpqη+, the integrability condition for eq. (3.22) implies
R(−)mnpqJ
pq = 0. (3.23)
Now using eq. (3.22) and its conjugate we find that |f | = const. Hence, in general f = eiα.
For our purposes, however, taking f = 1 is not restrictive and we will do so.
It is straightforward to compute the covariant derivatives of the SU(3)-structure forms:
∇mJ pn =
(
Ĥ psm J
s
n + Ĥ
s
mnJ
p
s
)
, (3.24)
∇mΩkln = ĤpmnΩpkl + ĤplmΩpkn + ĤpmkΩpln. (3.25)
These relations imply that the internal space has contorsion given by Ĥmnp, which in turn
has a contribution due to the H-flux and another due to the dilatino condensate.
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3.3.2 Dilatino variation
In the case that a non-zero gaugino condensate is present, the vanishing of the dilatino
variation demands that Hˆmnp has a non-zero (3, 0)+(0, 3) piece. Indeed, the dilatino variation
is
δλ = Γm∇mφǫ+ 1
24
(
Hˆmnp + Σmnp
)
Γmnpǫ = 0, (3.26)
and for the spinor ansatz (3.2) it becomes
∂mφγ
mη+ +
1
24
(
Hˆmnp + Σmnp
)
γmnpη+ = 0. (3.27)
Multiplying eq. (3.27) by η†− from the left gives(
Hˆmnp + Σmnp
)
Ωmnp = 0. (3.28)
This fixes the (3, 0) and (0, 3) parts of the supercovariantized flux in terms of the gaugino
condensate vev
Hˆ(3,0)mnp = Λ
3Ωmnp. (3.29)
If the dilatino condensate is zero, so that Hˆmnp = Hmnp, the above equations imply that in
order to preserve supersymmetry in the presence of a non-vanishing gaugino condensate an
H-flux with non-vanishing (3, 0) and (0, 3) components should be present too.
Multiplying now eq. (3.27) by η†+γk from the left gives
iJ nk ∂nφ+ ∂kφ−
1
8
HˆmnpJ
m
k J
np +
i
8
HˆkmnJmn = 0. (3.30)
The contribution of Σmnp drops out since the gaugino condensate has only (3, 0) + (0, 3)
components. From eq. (3.30) we obtain an equation for the dependance of the dilaton on
the internal space coordinates
∂kφ =
1
8
HˆmnpJ
m
k J
np =
i
8
(H(1,0) −H(0,1)). (3.31)
We see that only the non-primitive (2, 1)+ (1, 2) piece of Hˆmnp (and hence of Hmnp since
they only differ in their (3, 0) + (0, 3) parts), contributes to the variation of the dilaton.
In particular, if we have only non-zero the (3, 0) and (0, 3) components of the H-flux, the
dilaton is constant, ∂kφ = 0. Then due to eq. (3.17) the warp factor D(y) is constant too.
This shows that the assumptions of refs. [21, 22] on the constancy of D and φ are not just
sufficient but also necessary for unbroken supersymmetry.
11
3.3.3 Gaugino variation
Finally we consider the gaugino variation. This is given by
δχ = −1
4
FˆmnΓ
mnǫ+
1
32
(
3Φ− 3
2
ΦmnΓ
mn − 1
24
ΦmnklΓ
mnkl
)
ǫ, (3.32)
while inserting the spinor ansatz and the decomposition of the condensates yields
δχ = −1
4
(Fmn +
3
16
Φ0Jmn)γ
mnη+, (3.33)
where the terms proportional to Φ are zero due to the identity (1 + 1
24
JmnJklγ
mnkl)η+ = 0.
A vanishing gaugino variation demands that the field strength satisfies Fmn = J
k
m J
l
n Fkl,
i.e. F (2,0) = F (0,2) = 0. Furthermore, the non-primitive part of Fmn is compensated by the
vev of the dilatino-gaugino condensate Φ0 as Φ0 = −89FmnJmn. In the usual case where this
condensate is taken to be zero, we end up with the standard result that a supersymmetry
preserving background gauge field has to be a primitive (1, 1) form.
3.4 Torsion classes
We can summarize now our findings in the language of intrinsic torsion classes which are
defined as
dJ =
3i
4
(W1Ω∗ − W¯1Ω) +W4 ∧ J +W3, (3.34)
and
dΩ =W1J ∧ J +W2 ∧ J +W∗5 ∧ Ω, (3.35)
satisfying J ∧W3 = J ∧ J ∧W2 = Ω∧W3 = 0. The classes W1 and W2 can be decomposed
in real and imaginary parts as W1 =W+1 +W−1 and W2 =W+2 +W−2 .
The classes W1 and W2 are vanishing when the almost complex structure is integrable,
i.e. when the manifold is complex. A Ka¨hler manifold has furthermore W3 = W4 = 0.
Finally, CY manifolds have in addition W5 = 0. Hence, one can think of the five torsion
classes as parameterizing the deformation away from SU(3)-holonomy.
Using eqs. (3.24) and (3.25) we obtain
W1 = 1
6
Ĥ(0,3) = 8
(
(Λ∗)3 − 1
6
(δ∗)3
)
,
W2 = 0,
W3 = i(Ho(2,1) −Ho(1,2)), (3.36)
W4 = − i
2
(H(1,0) −H(0,1)),
W5 = i(H(1,0) −H(0,1)).
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In order to derive the class W1, we took into account eq. (3.29) and the definition Ĥmnp =
Hˆmnp +
1
6
∆mnp. Using eq. (3.31) we can express the torsion classes W4 and W5 in terms of
the dilaton gradient as
W4 = −4dφ, W5 = 8dφ. (3.37)
Now we summarize our findings in order to be easy to contrast them to the case with H-
flux but without condensates [6] and to the case with H-flux and only the gaugino condensate
[18]. We have found that:
• The gaugino condensate Σmnp induces a (3, 0) + (0, 3) piece to the supercovariant Hˆ-
flux.
• The dilatino and gaugino condensate yield a non-vanishing W1 class, rendering the
internal spaces non-complex.
• The class W2 is zero for the H-flux and for all the condensates we turned on.
• The intrinsic torsion classes Wi, i = 3, 4, 5 are determined only in terms of the (2, 1)+
(1, 2) pieces of the flux and hence do not depend on the condensates.
• The spacetime curvature depends on the dilatino and gaugino condensates in such
a way that one can tune them to obtain a Minkowski vacuum with a non-complex
internal space 6.
• The dilatino-gaugino condensates in the gaugino variation allow for background gauge
fields that can have a non-primitive (1, 1) piece.
4 Supersymmetric solutions on nearly-Ka¨hler spaces
In the previous section we presented a set of conditions on the intrinsic torsion classes of a
six-dimensional manifold with SU(3)-structure, which are necessary for obtaining supersym-
metric vacua of heterotic string theory in the presence of H-flux and several condensates.
The most general manifolds with torsion classes specified by eq. (3.36) are known as G1
manifolds [16].
In the absence of condensates, only an H-flux with non-trivial (2, 1) + (1, 2) components
can be present if some supersymmetry is to be preserved. In particular, if only the primitive
part of the flux is non-zero we have W1 =W2 =W4 =W5 = 0. These manifolds are known
as special-hermitian and are well-studied in the mathematical literature. However, so far it
6A similar conclusion was reached in ref. [26] for compactifications of 11-dimensional supergravity with
gravitino condensates.
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has been proved that is difficult to satisfy the Bianchi identity for compactifications of this
type.
Another natural choice is to assume that only the condensates and the corresponding
pieces of the H-flux induced by them are non-vanishing. In this case, the H-flux is of (3, 0)+
(0, 3) type and, according to eq. (3.36), the appropriate six-dimensional manifolds will have
only the classW1 different from zero. Notice that supersymmetry specifies further the H-flux
in terms of the condensates, effectively determining W1 in terms of Λ3 and δ3. Setups with
δ3 = 0 have been already considered in refs. [21, 22]. One of our purposes here is to revisit
them in the framework of SU(3)-structures and intrinsic torsion. Besides that, the analysis
of the previous section showed that some of the assumptions of refs. [21, 22] are actually
necessary and not just sufficient for preserving spacetime supersymmetry. Furthermore, the
authors of refs. [21, 22] did not take into account the modifications to the hererotic Bianchi
identities due to the non-trivial torsion. As we shall see, to satisfy the Bianchi identity, the
presence of the gaugino condensate is not enough.
Six-dimensional manifolds with non-zeroW1 have been well-studied too in the mathemat-
ical literature. They are known as nearly-Ka¨hler and they have certain special properties.
Among others, they are Einstein spaces of positive scalar curvature, their almost complex
structure is never integrable since the Nijenhuis tensor is non-zero, their first Chern class
vanishes, and they admit a spin structure. In the ensuing we will discuss in detail some
examples of nearly-Ka¨hler spaces which are based on coset spaces.
Let us just mention for the moment that it would be interesting to relax the condition
H(2,1) = 0 and turn-on a primitive (2, 1) + (1, 2) piece of the H-flux (in addition to the
(0, 3)+(3, 0) piece induced by the condensates). Then the conditions on the intrinsic torsion
would imply that the compactification manifold should have W2 = W4 = W5 = 0 and
(choosing purely imaginary condensates) W+1 = 0. Such manifolds are particular cases of
half-flat manifolds and one simple but interesting realization is provided by twisted toroidal
orbifolds [42] (see also [43] for the 7-dimensional analogue). It would be worthwhile to
investigate if more general solutions can be provided by such spaces, but we postpone that
for future work.
4.1 Nearly-Ka¨hler coset spaces
The only known examples of compact nearly-Ka¨hler spaces are 3-symmetric spaces that
can be described as homogeneous cosets. These are (i) G2/SU(3), which is an S
6 but less
symmetric than the usual 6-sphere, (ii) Sp(4)/(SU(2)× U(1))non−max. which is similarly a
less symmetric version of CP3, (iii) SU(3)/(U(1)×U(1)) which is the flag manifold F (1, 2),
and (iv)SU(2)3/SU(2) which is isomorphic to S3 × S3. All these spaces admit an SU(3)-
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structure. Although in general they are half-flat, there are special values of their moduli for
which only W−1 is non-zero. For these special values these cosets become nearly-Ka¨hler.
In Appendix B we present the SU(3)-structures of the 4 cosets and compute their intrinsic
torsion classes. Inspection of the results shows that all possible radii of the cosets have to be
the same if we want to keep a vanishing W2 class. Then, the only non-zero class is W1 and
it takes the general form W1 = −i w√a . The actual values of w for each coset can be found in
Appendix B.
Furthermore, using the corresponding curvature 2-forms [55], we can compute the first
Pontrjagin classes:
G2/SU(3) : trR ∧R = 0,
Sp(4)/(SU(2)× U(1)) : trR ∧R = 18
a2
J ∧ J, (4.1)
SU(3)/(U(1)× U(1)) : trR ∧R = 18
a2
J ∧ J,
SU(2)3/SU(2) : trR ∧R = −( 8
9a
)2J ∧ J.
Hence, for all cosets under consideration and for metrics with nearly-Ka¨hler structure we
have a general formula for the first Pontrjagin class given by trR∧R = p1
a2
J ∧J . Since J ∧J
is exact, this class is cohomologically trivial. Using the general expression for W1 we can
also write
trR ∧ R = p1
w4
|W1|4J ∧ J. (4.2)
The supersymmetry conditions demand that the torsion class W1 is fixed in terms of the
condensates. This stabilizes the radial modulus to a value
a = −w
2
8
∣∣∣Λ3 − 1
6
δ3
∣∣∣−2. (4.3)
SinceW1 is imaginary for the cosets under consideration, the condensate combination (Λ∗)3−
1
6
(δ∗)3 has to be imaginary too.
4.2 Bianchi identity
Let us now consider the Bianchi identity for the H-flux. The full Bianchi identity includes
a correction due to the gravitational Chern-Simons term required for anomaly cancelation
[44] and it reads
dH =
1
2
(
trR(+) ∧R(+) − 1
30
TrF ∧ F
)
, (4.4)
where R(+) is the curvature 2-form of the connection ∇(+) = ∇+ 1
4
Ĥ. We have also adopted
the usual normalization for the trace of the gauge field strengths.
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The torsion of the connection whose curvature appears in the Bianchi identity is the
opposite of the torsion of the connection ∇(−) = ∇− 1
4
Ĥ appearing in the supersymmetry
variation of the gravitino in the internal space. Although this fact is well-established only for
the case where the torsion comes entirely from the H-flux [45], it is quite natural to expect
that the proper generalization of the gravitational Chern-Simons correction to the Bianchi
involves the full torsion tensor appearing in the gravitino variation. Let us also mention that
demanding only supersymmetry and anomaly freedom does not specify completely the tor-
sion relevant for the gravitational Chern-Simons term [46]. From this point of view our choice
is perfectly consistent. Notice, furthermore, that the ambiguity is fixed by the additional
requirement of conformal invariance on the worldsheet [45] or, equivalently, of satisfying the
spacetime equations of motion. It would be extremely interesting and important to actually
verify the validity of our choice with an explicit calculation. However, such a computation
is bound to be subtle due to the presence of the condensates.
We can now proceed with the computation of the quantities that appear in the Bianchi
identity. The curvature tensor for ∇(+) = ∇+ 1
4
Ĥ is
R(+)mnpq = Rmnpq + 2∇[mĤn]pq − (Ĥ rmp Ĥrnq − Ĥ rnp Ĥrmq), (4.5)
and the corresponding curvature 2-form is
R(+)mn =
1
2
R(+)mnpqe
p ∧ eq. (4.6)
For nearly-Ka¨hler spaces the torsion Ĥmnp has only (3, 0) + (0, 3) parts which are fixed
by the class W1 as
Ĥmpq = 8 (W1Ωmpq + c.c.). (4.7)
Using eq. (3.25) and the identity
ΩpmnΩ
∗pkl = 16(Π+) [k[m (Π
+)
l]
n]
(c.f. for instance [12]), we obtain
∇[mĤn]pq = 24|W1|2J[mnJpq], (4.8)
Ĥ rmp Ĥrnq − Ĥ rnp Ĥrmq = 4|W1|2
(
(gmpgnq − gmqgnp)− JmnJpq − 3J[mnJpq]
)
. (4.9)
Subsequently, the generalized curvatures are found to be
R(+)mnpq = Rmnpq + 60|W1|2J[mnJpq] − 4|W1|2
(
(gmpgnq − gmqgnp)− JmnJpq
)
, (4.10)
R(−)mnpq = Rmnpq − 36|W1|2J[mnJpq] − 4|W1|2
(
(gmpgnq − gmqgnp)− JmnJpq
)
. (4.11)
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The left-hand-side of the Bianchi identity (4.4) can be derived by using the fact that the
Hˆmnp ≡ Hmnp − 6∆mnp is fixed, by the vanishing of the dilatino variation, to be Hˆmnp =
Λ3Ωmnp + c.c.. Since for nearly-Ka¨hler spaces holds that dΩ =W1J ∧ J , we find that
dH = (Λ3 − 6δ3)W1J ∧ J + c.c. (4.12)
Then we can eliminate the explicit dependance on Λ and its conjugate by using the super-
symmetry condition W1 = 8
(
(Λ∗)3 − 1
6
(δ∗)3
)
. Finally we obtain
dH =
(1
4
|W1|2 − Re(δ3W1)
)
J ∧ J, (4.13)
where we have rescaled δ3 → 18
35
δ3.
The right-hand side of the Bianchi identity (4.4) depends on the first Pontrjagin class of
∇(+). After a slightly tedious calculation we obtain
trR(+) ∧ R(+) = trR ∧ R− 4608|W1|4J ∧ J. (4.14)
Next, to obtain a feeling of the implications of the Bianchi identity (4.13), we assume that
there is no background gauge field. Using eq. (4.2) we find that the Bianchi identity reduces
to the following equation(1
4
|W1|2 − Re(δ3W1)
)
=
( p1
2w4
− 2304
)
|W1|4. (4.15)
In addition, for simplicity let us consider the case G2/SU(3) for which p1 = 0. Recall that
for all cosets the class W1 is imaginary. Then we find the following solution for δ3, which in
the present case is purely imaginary:
δ3 = −i|W1|
(1
4
+ 2304 |W1|2
)
. (4.16)
Moreover, the gaugino condensate is fixed to a purely imaginary value as well given by
Im(Λ3) =
3
35
Im(δ3)− 1
8
|W1|, (4.17)
which in terms of the class W1 becomes
Im(Λ3) = − 1
35
|W1|
(41
8
+ 3 · 2304 |W1|2
)
. (4.18)
It is straightforward to find similar solutions for the other three cosets.
It is clear that the previous solution retains in four dimensions the full gauge group E8×E8
and thus it is undesirable as a realistic GUT. However, we can turn on a background gauge
field that breaks part of the gauge symmetry in a supersymmetric way. The condition for
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supersymmetry dictates that the gaugino variation (3.33) is zero. A simple way to deal
with this is to assume that all the condensates Φ[···] are vanishing and to consider further
the curvature 2-form corresponding to the SU(3) connection with torsion ∇(−). Embedding
this connection in the gauge group, yields a background SU(3) gauge field (Fab)mn = R
(−)
abmn
which leads to a vanishing gaugino variation as a consequence of the integrability condition
R
(−)
abmnγ
mnη+ = 0. For such a choice 1
30
TrF ∧F = trR(−) ∧R(−), where the latter is found to
be
trR(−) ∧ R(−) = trR ∧ R + 1536|W1|4J ∧ J. (4.19)
The Bianchi identity leads now to the relation(1
4
|W1|2 − Re(δ3W1)
)
= −3072|W1|4, (4.20)
which fixes the dilatino condensate and, in turn, also the gaugino condensate by the su-
persymmetry condition (4.3). The background gauge field breaks the gauge group down to
E6 × E8 as does the standard embedding in the case of CY compactifications.
Using now the fact that Ωmnp (Ω
∗
mnp) is imaginary (anti)-self-dual, one can easily check
that for all the above solutions the NS-NS flux is coclosed:
d ∗H = 0 (4.21)
and hence it solves the source-free equation of motion. Accordingly, since the Bianchi equa-
tion and the equation of motion for H are satisfied and the background preserves some
supersymmetry, the Einstein equations are also verified as a consequence of the results of
[27].
5 Conclusions
In the present work we have examined in detail some examples of supersymmetric AdS
compactifications of heterotic strings on non-complex manifolds, which we believe will be
eventually phenomenologically interesting. The considered six-dimensional manifolds in-
clude the coset spaces G2/SU(3), Sp(4)/(SU(2)× U(1))non−max, SU(3)/(U(1)× U(1)) and
SU(2)3/SU(2). These have been examined some time ago in the context of Coset Space
Dimensional Reduction [47, 48, 49], in attempts to obtain realistic GUTs from extra di-
mensions [31, 32, 33, 50, 51], and also in the context of heterotic sting theory in studies
of possible supersymmetry preserving backgrounds in refs. [19, 20, 21, 22]. These solutions
have been analyzed here in the framework of G-structures while a new example based on
the coset SU(2)3/SU(2) has been added.
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The conjecture that nearly-Ka¨hler spaces have no complex-structure moduli [52] and the
fact that the supersymmetry preserving conditions fix the radii to specific values, implies that
one should expect supersymmetric AdS vacua with most moduli stabilized in this approach.
Subsequently, it would be worthwhile to analyze the possibilities for ”lifting” the AdS vacuum
to Minkowski or de Sitter [28, 30] and study supersymmetry breaking in this context. Work
in this direction is currently in progress.
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Appendix A: Gamma matrix conventions
The 10-dimensional Gamma matrices ΓM with M = 0, 1, . . . , 9 satisfy {ΓM ,ΓN} = 2ηMN
where ηMN = (−1, 1, . . . , 1). Splitting to 4+6 indices µ, ν = 0, 1, 2, 3 and m,n = 4, . . . , 9 we
can write them as Γµ = γµ ⊗ I and Γm = γ5 ⊗ γm where γµ the usual 4-dimensional gamma
matrices, γ(5) is the chirality matrix satisfying (γ(5))2 = 1 and {γµ, γ(5)} = 0, and γm are the
Gamma matrices in 6-dimensional Euclidean space.
The 6-dimensional spinors η± have opposite chiralities γ(7)η± = ±η± where γ(7) =
−iγ4 . . . γ9. They satisfy η†± = ηT∓C(6) where C(6) is the 6-dimensional charge conjugation ma-
trix. The 4-dimensional Weyl spinors θ± are also chiral γ(5)θ± = ±θ± with γ(5) = iγ0γ1γ2γ3.
Moreover θ¯± = ±θT∓C(4) with C(4) the 4-dimensional charge conjugation matrix. As usual,
for a Dirac spinor ψ we define ψ¯ = ψ†γ0.
The 10-dimensional chirality and charge conjugation matrix are Γ(11) = γ(5) ⊗ γ(7) and
C(10) = C(4)γ(5) ⊗ C(6). With these definitions the spinor (3.2) satisfies Γ(11)ǫ = ǫ and
ǫ¯ = ǫTC(10), i.e. it is chiral and Majorana. For the gamma matrix manipulations we used
[53].
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Finally we present some spinor bilinears that were used in the considerations of section
3:
η†+η+ = η
†
−η− = 1, (5.1)
η†−η+ = η
†
+η− = 0, (5.2)
η†±γ
mη± = η
†
∓γ
mη± = 0, (5.3)
η†±γ
mnη∓ = η
†
±γ
mnpqη∓ = 0, (5.4)
η†±γ
mnη± = ±iJmn, (5.5)
η†±γ
mnpqη± = −3J [mnJpq], (5.6)
η†±γ
mnpη± = η
†
∓γ
mnpqrsη± = 0, (5.7)
η†±γ
mnpqrη± = η
†
∓γ
mnpqrη± = 0. (5.8)
Appendix B: SU(3)-structures on coset spaces
In [54] the intrinsic torsion classes for the coset SU(3)/(U(1) × U(1)) were calculated in
terms of the radii a, b, c. Here we extend this computation to the rest of the coset spaces
that admit a nearly-Ka¨hler structure. The data required for this exercise can be found in
[55, 56].
SU(3)/(U(1)× U(1))
• Metric:
ds2 = a(e1 ⊗ e1 + e2 ⊗ e2) + b(e3 ⊗ e3 + e4 ⊗ e4) + c(e5 ⊗ e5 + e6 ⊗ e6). (5.9)
• SU(3)-structure:
J = −ae1 ∧ e2 + be3 ∧ e4 − ce5 ∧ e6, (5.10)
dJ = −(a + b+ c)(e1 ∧ e3 ∧ e5 + e1 ∧ e4 ∧ e6 − e2 ∧ e3 ∧ e6 + e2 ∧ e4 ∧ e5), (5.11)
Ω =
√
(abc)(e1 + ie2) ∧ (e3 − ie4) ∧ (e5 + ie6), (5.12)
dΩ = 4i
√
abc(e1 ∧ e2 ∧ e3 ∧ e4 − e1 ∧ e2 ∧ e5 ∧ e6 + e3 ∧ e4 ∧ e5 ∧ e6). (5.13)
• Non-vanishing intrinsic torsion classes:
W1 = −2i
3
a+ b+ c√
abc
, (5.14)
W2 = −4i
3
1√
abc
[
a(2a− b− c)e12 − b(2b− a− c)e34 + c(2c− a− b)e56] . (5.15)
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SU(2)× SU(2)
• Metric:
ds2 = a(
1
3
e1 ⊗ e1 + 3e6 ⊗ e6) + b(1
3
e2 ⊗ e2 + 3e5 ⊗ e5) + c(1
3
e3 ⊗ e3 + 3e4 ⊗ e4). (5.16)
• SU(3)-structure:
J = ae1 ∧ e6 − be2 ∧ e5 + ce3 ∧ e4, (5.17)
dJ = − 1√
3
(a+ b− c)e1 ∧ e2 ∧ e4 − 1√
3
(a− b+ c)e1 ∧ e3 ∧ e5
+
1√
3
(a− b− c)e2 ∧ e3 ∧ e6 +
√
3(a + b+ c)e4 ∧ e5 ∧ e6, (5.18)
Ω = i
√
abc
27
(e1 − 3ie6) ∧ (e2 + 3ie5) ∧ (e3 − 3ie4), (5.19)
dΩ =
4i
3
√
abc(e1 ∧ e2 ∧ e5 ∧ e6 − e1 ∧ e3 ∧ e4 ∧ e6 + e2 ∧ e3 ∧ e4 ∧ e5). (5.20)
• Non-vanishing intrinsic torsion classes:
W1 = − 2i
9
√
abc
(a+ b+ c), (5.21)
W2 = 4i
27
√
abc
(−a(2a− b− c)e1 ∧ e6 + b(2b− a− c)e2 ∧ e5
− c(2c− a− b)e3 ∧ e4), (5.22)
W3 = − 2
3
√
3
((a+ b− 2c)e1 ∧ e2 ∧ e4 + (a− 2b+ c)e1 ∧ e3 ∧ e5
+ (−2a + b+ c)e2 ∧ e3 ∧ e6). (5.23)
Sp(4)/(SU(2)× U(1))non−max
• Metric:
ds2 = a(e1 ⊗ e1 + e2 ⊗ e2) + b(e3 ⊗ e3 + e4 ⊗ e4) + a(e5 ⊗ e5 + e6 ⊗ e6). (5.24)
• SU(3)-structure:
J = −ae1 ∧ e2 + be3 ∧ e4 − ae5 ∧ e6, (5.25)
dJ = −(2a+ b)(e1 ∧ e3 ∧ e5 + e1 ∧ e4 ∧ e6 − e2 ∧ e3 ∧ e6 + e2 ∧ e4 ∧ e5), (5.26)
Ω =
√
a2b(e1 + ie2) ∧ (e3 − ie4) ∧ (e5 + ie6), (5.27)
dΩ = 4i
√
a2b(e1 ∧ e2 ∧ e3 ∧ e4 − e1 ∧ e2 ∧ e5 ∧ e6 + e3 ∧ e4 ∧ e5 ∧ e6). (5.28)
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• Non-vanishing intrinsic torsion classes:
W1 = −2i
3
2a+ b√
a2b
, (5.29)
W2 = −4i
3
1√
a2b
[
a(a− b)e12 − 2b(b− a)e34 + a(a− b)e56] . (5.30)
G2/SU(3)
• Metric:
ds2 = a(e1 ⊗ e1 + e2 ⊗ e2 + e3 ⊗ e3 + e4 ⊗ e4 + e5 ⊗ e5 + e6 ⊗ e6). (5.31)
• SU(3)-structure:
J = ae1 ∧ e2 − ae3 ∧ e4 − ae5 ∧ e6, (5.32)
dJ = −2
√
3a(e1 ∧ e3 ∧ e5 − e1 ∧ e4 ∧ e6 + e2 ∧ e3 ∧ e6 + e2 ∧ e4 ∧ e5), (5.33)
Ω =
√
a3(e1 − ie2) ∧ (e3 + ie4) ∧ (e5 + ie6), (5.34)
dΩ =
1√
3
8i
√
a3(e1 ∧ e2 ∧ e3 ∧ e4 + e1 ∧ e2 ∧ e5 ∧ e6 − e3 ∧ e4 ∧ e5 ∧ e6). (5.35)
• Non-vanishing intrinsic torsion class:
W1 = − 4i√
3a
. (5.36)
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